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Abstract. We introduce the class of θn-Urysohn spaces and the
n-θ-closure operator. θn-Urysohn spaces generalize the notion of
a Urysohn space. We estabilish bounds on the cardinality of these
spaces and cardinality bounds if the space is additionally homoge-
neous.
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1. Introduction
We shall follow notations from [10] and [11]. For a space X , we denote
by χ(X), ψ(X), piχ(X), c(X), t(X) the character, pseudocharacter, pi-
character, celluarity, tightness of a space X , respectively [10].
Recall that a space X is Urysohn if for every two distinct points x, y ∈
X there are open sets U and V such that x ∈ U , y ∈ V and U ∩V = ∅.
Related to Urysohn spaces we have the notion of the θ-closure [15]. The
θ-closure of a set A in a space X is the set clθ(A) = {x ∈ X : for every
neighborhood U ∋ x, U∩A 6= ∅}. A is said to be θ-closed if A = clθ(A).
The θ-tightness of X at x ∈ X is tθ(x,X) = min{κ : for every A ⊆ X
with x ∈ clθ(A) there exists B ⊆ A such that |B| ≤ κ and x ∈ clθ(B)}.
The θ-tightness of X is tθ(X) = sup{tθ(x,X) : x ∈ X} [7]. We have
that tightness and θ-tightness are independent (see Example 11 and
Example 12 in [6]), but if X is a regular space then t(X) = tθ(X). We
say that a subset A ofX is θ-dense inX if clθ(A) = X . The θ-density of
X is dθ(X) = min{κ : A ⊆ X , A is a dense subset of Xand |A| ≤ κ}.
If X is a Hausdorff space, the closed pseudocharacter of a point x in X
is ψc(x,X) = min{|U| : U is a family of open neighborhoods of x and
{x} is the intersection of the closure of U}. The closed pseudocharacter
of X is ψc(X) = sup{ψc(x,X) : x ∈ X} (see [13] where it is called
Sψ(X)). If X is a Urysohn space, the θ-pseudocharacter of a point x
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in X is ψθ(x,X) = min{|U| : U is a family of open neighborhoods of x
and {x} is the intersection of the θ-closure of the closure of U}. The
θ-pseudocharacter of X is ψθ(X) = sup{ψθ(x,X) : x ∈ X} [1].
A collection V of open subsets ofX is called Urysohn-cellular, if O1, O2
in V and O1 6= O2 implies O1 ∩ O2 = ∅. The Urysohn-cellularity of
a space X is Uc(X) = sup{|V| : V is Urysohn-cellular}. Of course,
Uc(X) ≤ c(X). The almost Lindelo¨f degree of a subset Y of a space X
is aL(Y,X) = min{κ : for every cover V of Y consisting of open subsets
of X , there exists V ′ ⊆ V such that |V ′| ≤ κ and
⋃
{V : V ∈ V ′} = Y }.
The function aL(X,X) is called the almost Lindelo¨f degree of X and
denoted by aL(X) (see [16] and [11]). The almost Lindelo¨f degree of X
with respect to closed subsets of X is aLc(X) = sup{aL(C,X) : C ⊆
X is closed}. For a subset A of a space X we will denote by [A]≤λ the
family of all subsets of A of cardinality ≤ λ.
In Section 2 we give the definition of n-θ-closure and using Example 2
we distinguish this operator from the θn-closure defined in [9]. From
the definition of n-θ-closure, we are able to generalize the concept of
Urysohn spaces introducing the θn-Urysohn spaces and also we prove
two characterizations (Proposition 3 and Proposition 5). We have that
a θ(n+1)-Urysohn space is a θn-Urysohn space and the Example 3 shows
that the converse is not true. With Example 4 we distinguish θn-
Urysohn spaces from S(n)-spaces defined in [9]. We note further that
a θ1-Urysohn space is Urysohn.
In Section 3 we introduce new cardinal functions: the n-θ-almost Lin-
delo¨f degree of a space X (denoted by θn-aL(X)), the n-γ-tightness of
a space X (denoted by tnγ(X)), the n-γ-pseudocharacter of the space
X (denoted by ψnγ (X)), and the θ
n-Urysohn cellularity of the space
X (denoted by θn-Uc(X)) in order to extend some known cardinal-
ity bounds for Urysohn spaces in the case of θn-Urysohn spaces. In
particular we prove the following:
• if X is a θn-Urysohn space, then |X| ≤ 2ψ
n
γ (X)t
n
γ (X)θ-aL(X) (The-
orem 2). For n = 1 we have Theorem 2 in [3].
• if X is a θn-Urysohn space, then |X| ≤ 2θ
n-Uc(X)χ(X) (Theorem
3). For n = 1 we have Theorem 9 in [12].
Many cardinality bounds for general spaces have corresponding “com-
panion” cardinality bounds for homogeneous topological spaces. In
Theorem 4 in Section 4 we give the homogeneous companion bound
to Theorem 3. In fact in Theorem 5 we prove that if X is a power
homogeneous and θn-Urysohn space then |X| ≤ 2θ
n-Uc(X)piχ(X). This
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generalizes Theorem 13 in [4] and it is a modification of Theorem 2.3
in [8].
2. n-θ-closure, n-γ-closure and θn-Urysohn spaces
In this section we introduce two closure operators and new axioms of
separation.
Definition 1. Let X be a space. For n ∈ ω, the n-θ-closure of a subset
A of X is
clnθ (A) = clθclθ...clθ︸ ︷︷ ︸
n-times
(A).
A subset A of X is called n-θ-closed if A = clnθ (A).
It is natural to compare this new closure operator with the following
closure operator introduced in [9] by Dikranjan and Giuli.
Definition 2. [9] Let X be a topological space, M a subset of X and
n ∈ ω, n ≥ 1. We say that x ∈ clθn(M) if for every chain U1 ⊂
U2 ⊂ ... ⊂ Un of open neighborhood of x such that Ui ⊂ Ui+1 for every
i = 1, ..., n-1, Un ∩M 6= ∅. If n = 1 we have the θ-closure of a set.
We give a relationship between n-θ-closure and θn-closure. The next
proposition follows directly from [9].
Proposition 1. If X is a space and A is a subset of X, then clnθ (A) ⊆
clθn(A).
If U is an open subset of a space X we have the following.
Proposition 2. [14] Let X be a space and U an open subset of X, then
clθ2(U) = clθ(U) = cl
2
θ(U).
With Example 2 we can show that the containment in Proposition 1
can be strict even if A is an open subset of X . First we need to recall
the following example called the Tychonoff spiral which will be used to
prove some results.
Example 1. The Tychonoff plank, denoted by T , is the subspace (ω1+
1) × (ω + 1)\{(ω1, ω)} of the product space (ω1 + 1) × (ω + 1) where
ω1 + 1 and ω + 1 are the usual ordered ordinals.
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For n ∈ ω, let Tn = T × n, Y = ⊎i∈ωTi. For n odd, identify the points
(ω1, k, n) with (ω1, k, n+1) for k ∈ ω and for n even, identify the points
(α, ω, n) with (α, ω, n+ 1) when α ∈ ω1. Denote this new space Z. Z
is called the Tychonoff spiral.
Example 2. A space X such that if U is an open subset of X then
clnθ (U) 6= clθn(U).
For k, n ∈ ω and k ≥ 3, here is an example of a space Yk and open set
V ∈ τ(Yk) such that cl
n
θ (V ) = cl(V ) and clθn(V ) ={
cl(V ) if n ≤ k − 1
cl(V ) ∪ {p} if n > k − 1
.
Let Yk be the subspace T1 ∪ · · · ∪ Tk of Z in Example 1 plus an addi-
tional point {p} with this topology: U ∈ τ(Yk) if U\{p} is open in the
subspace T1 ∪ · · · ∪ Tk, and p ∈ U implies there are α ∈ ω1 and m ∈ ω
such that (α, ω1)× (m,ω]× {1} ⊂ U .
The space Y3 = T1 ∪ T2 ∪ T3 ∪ {p} looks like this:
T1 T2
(α, ω)
(ω1, n)
p
T3
Consider the open set V = Tk\({ω1} × ω). We can easily seen that
clnθ (V ) = cl(V ) for n ≥ 1; however, clθn(V ) = cl(V )∪{p} for n > k−1
and clθn(V ) = cl(V ) for n ≤ k − 1.
Using the n-θ-closure we introduce new axioms of separation as follows.
Definition 3. We say that a space X is θn-Urysohn, for every n ∈ ω,
if for every x, y ∈ X with x 6= y, there exist open subsets U and V of
X with x ∈ U and y ∈ V such that clnθ (U) ∩ cl
n
θ (V ) = ∅.
Observe that θ1-Urysohn spaces are Urysohn spaces. It is clear that a
θ(n+1)-Urysohn space is a θn-Urysohn space for every n ∈ ω, but the
converse is not true as the following example shows.
Example 3. A θm-Urysohn not θ(m+1)-Urysohn space.
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We present a θm-Urysohn space X4m+1 that is not θ
(m+1)-Urysohn
where m ∈ ω. Let R =
⋃
n∈ω An where An
′s are pairwise disjoint,
each An is dense in R, and 0 ∈ A1. Let A′4m+1 = A4m+1 ∪ {0
′} where
0′ 6∈ R. Let X4m+1 =
⋃4m
n=1An ∪ {A
′
4m+1}.
For a, b ∈ R where a < b, let
(a, b)′ =
{
(a, b) if 0 /∈ (a, b)
((a, b)\{0}) ∪ {0′} if 0 ∈ (a, b)
If a, b ∈ R and a < b, an open base for X4m+1 is generated by these
families of sets:
(1) if n ∈ ω is odd and 1 ≤ n ≤ 4m− 1, (a, b) ∩An is open,
(2) if n ∈ ω is even, 2 ≤ n ≤ 4m, a, b ∈ R and 0 /∈ (a, b), (a, b) ∩
(An−1 ∪ An ∪An+1) is open, and
(3) if n = 4m+ 1, (a, b)′ ∩ A′4m+1 is open.
The following picture represents the space X9.
A1 A2 A3 A4 A5 A6 A7 A8 A
′
9
Let a, b, c, d ∈ R, U = (a, b) ∩A1. Then clθ(U) = cl(U) ⊆ [a, b] ∩ (A1 ∪
A2). Let V = (c, d)∩(A3∪A4∪A5). Then clθ(V ) = cl(V ) = [c, d]∩(A2∪
A3∪A4∪A5∪A6). It follows that cl
2
θ(U) = [a, b]∩ (A1 ∪A2∪A3∪A4).
By induction, clmθ (U) = [a, b]∩ (A1∪A2∪· · ·∪A2m). Likewise, starting
from the right-hand subspace A′4m+1 with U = (a, b)
′ ∩A4m+1, we have
clmθ (U) = [a, b]
′ ∩ (A′4m+1 ∪ A4m ∪ · · · ∪A2m+1).
We have the following consequences:
(I): Every pair of points in X4m+1, except 0 and 0
′, are θn-Urysohn
separated for all n ∈ ω.
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(II): Let m ≥ 1 and a, b, c, d,∈ R. Let 0 ∈ (a, b), 0′ ∈ (c, d)′, U =
(a, b)∩(c, d). Then clmθ (U) = [a, b]∩(A1∪A2∪· · ·∪A2m) and cl
m
θ (U
′) =
[a, b]′ ∩ (A4m+1 ∪A4m ∪ · · · ∪A2m+2). Thus, cl
m
θ (U) ∩ cl
m
θ (U
′) = ∅ and
X4m+1 is θ
m-Urysohn. On the other hand, clm+1θ (U) ∩ cl
m+1
θ (U
′) ⊇
[a, b] ∩ [c, d] ∩A2m+1 6= ∅; so, X4m+1 is not θ(m+1)-Urysohn.
(III): Using the argument in (II), X5 is a Urysohn not firmly Urysohn
space (a space X is called firmly Urysohn [2] if for every x, y ∈ X
with x 6= y there exist open subsets U, V of X with x ∈ U and y ∈ V
such that U ∩ clθ(V ) = ∅). In fact, for 0 ∈ (a, b), 0
′ ∈ (c, d)′ and
U = (a, b)∩(c, d), we have cl2θ(U) = [a, b]∩(A1∪A2∪A3∪A4) and U
′ =
cl1θ(U
′) = [a, b]′∩(A4∪A5). Thus, cl
2
θ(U)∩cl
1
θ(U
′) ⊇ [a, b]∩[c, d]∩A4 6= ∅.
This answers Question 2.1 in [2].
With Example 2 we distinguish the θn-closure from the n-θ-closure. It
is natural to investigate the relation between S(n)-spaces defined in [9]
and θn-Urysohn spaces.
Definition 4. [9]A space X is called S(n)-space if for every x, y ∈ X ,
x 6= y, are θn-separated. A point x ∈ X is θn-separated from a subset
M of X if x /∈ clθn(M). For n > 0, the relation being θ
n-separated
between points is symmetric.
Example 4. A θn-Urysohn not S(n)-space.
Proof. In the Tychonoff spiral Z described in Example 1, let Xn denote
the subspace T1∪T2∪· · ·∪Tn plus two additional points {p, q} with this
topology: U ∈ τ(Xn) if U\{p, q} is open in the subspace T1∪T2∪· · ·Tn,
p ∈ U implies there are α ∈ ω1 and n ∈ ω such that (α, ω1)× (n, ω]×
{1} ⊂ U , and q ∈ U implies there are α ∈ ω1 and n ∈ ω such that
(α, ω1)× (n, ω]× {n} ⊂ U .
The spaces X3 and X4 are θ
n-Urysohn for n ∈ ω and S(1) but not
S(2). For k ∈ ω, the spaces X2k+1 and X2k+2 are θ
n-Urysohn for n ∈ ω
and S(k) but not S(k + 1). 
Question 1. Does there exist a S(n) not θn-Urysohn space for every
n ≥ 2 ∈ ω?
In order to prove a characterization for θn-Urysohn spaces, we need to
introduce a new operator called γ-n-closure.
Definition 5. Let X be a space, the n-γ-closure of a subset A of X ,
for every n ∈ ω is
clnγ (A) = {x ∈ X : for every open subset U of X, cl
n
θ (U) ∩ A 6= ∅}
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A subset A of X is called n-γ-closed if A = clnγ (A).
If n = 1 we have the θ-closure and if n = 2 we have the γ-closure
defined in [1]. We have that clnγ (A) ⊇ cl
n
θ (A) for every subset A of X
and with the next example we can show that this inequality can be
strict.
Example 5. If X is the Bing’s Tripod space then for every x ∈ X
clnθ ({x}) = {x} and cl
n
γ ({x}) = X .
Proposition 3. A space X is θn-Urysohn if and only if for every
x ∈ X and for every family Ux of open neighborhoods of x, {x} =⋂
U∈Ux
clnγ (cl
n
θ (U)).
Proof. Let X be θn-Urysohn and x ∈ X . ∀y ∈ X \ {x}, there exists
Uy, Vy open subsets of X with x ∈ Uy and y ∈ Vy such that cl
n
θ (U) ∩
clnθ (V ) = ∅. This means y /∈ cl
n
γ (cl
n
θ (Uy)) and {x} =
⋂
y∈X\{x} cl
n
γ (cl
n
θ (Uy)).
For the converse, let x, y ∈ X with x 6= y. Then there exists an open
subset V of X containing x such that y /∈ clnγ (cl
n
θ (U)) so there exists an
open subset U of X containing y such that clnθ (U) ∩ cl
n
θ (V ) = ∅. This
means X is θn-Urysohn. 
We want to show that n-θ-closure is productive. The next proposi-
tion shows that 1-θ-closure is productive and the proof can be easily
extended to a the n-θ-closure operator for every n ∈ ω.
Proposition 4. If {Xs}s∈S is a family of spaces, X =
∏
s∈SXs and
As is a subset of Xs for every s ∈ S then clθ(
∏
s∈S As) =
∏
s∈S clθ(As).
Proof. Let x ∈ clθ(
∏
s∈S As) iff for every member
∏
s∈SWs of the canon-
ical base containing x then ∅ 6=
∏
s∈SWs ∩
∏
s∈S As =
∏
s∈SWs ∩∏
s∈S As =
∏
s∈SWs ∩ As iff x ∈
∏
s∈S clθ(As). 
The following is another characterization of θn-Urysohn spaces. We
know that a space X is Hausdorff iff the diagonal ∆X is closed in
X ×X and that a space X is Urysohn iff the diagonal ∆X is θ-closed
in X ×X . We have the same result for θn-Urysohn spaces.
Proposition 5. A space X is θn-Urysohn iff the diagonal ∆X is n-γ-
closed in X ×X.
Proof. ∆X is n-γ-closed inX×X . Suppose x, y ∈ X are distinct points
then (x, y) /∈ ∆X iff there exists a basic open set B in X×X containing
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(x, y) such that clnθ (B) ∩ ∆X = ∅. The basic open set B is expressed
as the product of U ×V where U is an open set in X containing x and
V is an open set in X containing y. But clnθ (B) = cl
n
θ (U)× cl
n
θ (V ) and
this means x /∈ clnγ (cl
n
θV ) iff X is θ
n-Urysohn (by Proposition 3). 
3. Cardinality bounds involving θn-Urysohn spaces
In 1988, Bella and Cammaroto [3] proved that if X is a Urysohn space,
then |X| ≤ 2χ(X)aL(X). Hodel mentioned in his survey [11] this varia-
tion: If X is a Urysohn space then |X| ≤ 2t(X)ψ(X)aLc(X).
First some definitions.
Definition 6. If X is a space and x ∈ X , the n-γ-tightness of x with
respect to X is tnγ (x,X) = min{k : ∀x ∈ cl
n
γ (A), ∃B ∈ [A]
≤k : x ∈
clnγ (B)}. The n-γ-tightness of X is t
n
γ (X) = supx∈Xt
n
γ(x,X).
If n = 1, the 1-γ-tightness of a space X is the θ-tightness of a space X
defined in [7].
Proposition 6. If X is a space such that tnγ(X) ≤ κ and if H ⊆ X
such that H = ∪{clnγ (A) : A ∈ [H ]
≤κ}, then H is n-γ-closed.
Proof. Let tnγ(X) ≤ κ and H as in the statement. We want to prove
that clnγ (H) ⊆ H . Let x ∈ cl
n
γ (H). Then there is A ∈ [H ]
≤κ and
x ∈ clnγ (A) but cl
n
γ (A) ⊆ H and this means x ∈ H . 
If n = 1 we have Proposition 1.2 in [7]. Using Proposition 3 we are
able to generalize the notion of pseudocharacter for θn-Urysohn spaces.
Definition 7. If X is a θn-Urysohn space, the n-γ-pseudocharacter of
a point x ∈ X , denote by ψnγ (x,X) is:
ψnγ (x,X) = min{κ : there is a family B of open neighborhoods of x : |B| ≤ κ
and {x} =
⋂
U∈B
clnγ (cl
n
θ (U))}.
The n-γ-pseudocharacter of X is ψnγ (X) = sup{ψ
n
γ (x,X) : x ∈ X}.
If n = 1, the 1-γ-pseudocharacter of a space X is θ-pseudocharacter of
a space X defined in [1].
We can easily see that ψnγ (X) ≤ χ(X) for every n ∈ ω.
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The following represents the relation between the n-γ-tightness and the
character.
Proposition 7. For every space X, tnγ(X) ≤ χ(X).
Proof. Let x ∈ X , A a subset of X such that x ∈ clnγ (A), and Vx an
open neighborhood system of x with |Vx| ≤ χ(x,X). x ∈ cl
n
γ (A) so
for every V ∈ Vx, cl
n
θ (V ) ∩ A 6= ∅. We choose yV ∈ cl
n
θ (V ) ∩ A for
every V ∈ Vx and put B = {yV : V ∈ Vx}. B ⊆ A, x ∈ cl
n
γ (B) and
|B| ≤ χ(x,X). This proves tnγ (x,X) ≤ χ(x,X). 
The definition below is the generalization of the almost Lindelo¨f degree
of a space.
Definition 8. The n-θ-almost Lindelo¨f degree of a subset Y of a space
X , for every n ≥ 2 ∈ ω is
θn-aL(Y,X) = min{κ : for every cover V of Y consisting of open subsets
ofX , there exists V ′ ⊆ V such that |V ′| ≤ κ and
⋃
{clnθ (V ) : V ∈ V
′} =
Y }.
The function θn-aL(X,X), n ≥ 2 ∈ ω, is called n-θ-almost Lindelo¨f
degree of the space X and denoted by θn-aL(X).
θ1-aL(X) is aL(X) defined in [16] and θ2-aL(X) is θ-aL(X) defined in
[1].
Proposition 8. For every space X, θn+1-aL(X) ≤ θn-aL(X).
In general we have that the almost Lindelo¨f degree is not a hereditary
cardinal function but it is hereditary with respect to θ-closed subsets.
We prove that the θn-almost Lindelo¨f degree is hereditary with respect
to n-γ-closed sets.
Proposition 9. If C is a n-γ-closed subset of X then θn-aL(C,X) ≤
θn-aL(X).
Proof. Let X be a topological space such that θn-aL(X) ≤ κ and let
C ⊆ X be n-γ-closed set. ∀x ∈ X \C we have that there exists an open
neighborhood Ux of x such that cl
n
θ (Ux) ⊆ X \ C. Let U be a cover of
C consisting of open subsets of X . Then V = U
⋃
{Ux : x ∈ X \ C}
is an open cover of X and since θn-aL(X) ≤ κ, there exists V ′ ∈ [V]≤κ
such that X =
⋃
{clnθ (V ) : V ∈ V
′}. Then there exists V ′′ ∈ [U ]≤κ such
that C ⊆
⋃
{clnθ (V ) : V ∈ V
′′}; this proves that θn-aL(C,X) ≤ κ. 
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We now give a bound for the cardinality of the n-γ-closure of a subset
of a space. This bound allows us to obtain cardinality bounds for
θn-Urysohn spaces.
Proposition 10. If X is θn-Urysohn and A ⊆ X, then |clnγ (A)| ≤
2ψ
n
γ (X)t
n
γ (X).
Proof. Let κ = ψnγ (X)t
n
γ(X). For each x ∈ X , there is a family Bx of
open sets in X containing x such that
⋂
U∈Bx
clnγ (cl
n
θ (U)) = {x} and
|Bx| ≤ κ. Let x ∈ cl
n
γ (A) and V be an open set containing {x}. As x ∈
clnγ (A), cl
n
θ (U∩V )∩A 6= ∅. Thus, cl
n
θ (U)∩cl
n
θ (V )∩A 6= ∅ and it follows
that x ∈ clnγ (cl
n
θ (U)∩A) for all U ∈ Bx. As t
n
γ (X) ≤ κ, for each U ∈ Bx,
there is AU ⊆ cl
n
θ (U) ∩ A such that |AU | ≤ κ and x ∈ cl
n
γ (AU). Thus,
{x} ⊆
⋂
U∈Bx
clnγ (AU) ⊆
⋂
U∈Bx
clnγ (cl
n
θ (U ∩ A)) ⊆
⋂
U∈Bx
clnγ (cl
n
θ (U)) =
{x}. Now, {AU : U ∈ Bx} ∈ [[A]
≤κ]≤κ and |clnγ (A)| ≤ |A|
κ. 
Definition 9. We say that a subset A of X is n-γ-dense in X if
clnγ (A) = X . The n-γ-density of X is:
dnγ(X) = min{κ : A ⊆ X , A is a n-γ dense subset of Xand |A| ≤ κ}.
Corollary 1. If X is a θn-Urysohn space then |X| ≤ dnγ(X)
ψnγ (X)t
n
γ (X).
Proof. Let A be a n-γ-dense subset of X , i.e. clnγ (A) = X , with |A| =
dnγ(X). From the above theorem we have that |cl
n
γ (A)| ≤ |A|
ψnγ (X)t
n
γ (X),
so |X| ≤ dnγ(X)
ψnγ (X)t
n
γ (X). 
Next we will use a variation of a result by Hodel [11] that is proved in
[5].
Theorem 1. Let X be a set, κ an infinite cardinal, c : [X ]≤κ → P(X)
a function, and for x ∈ X, {V (x, α) < κ} a collection of subsets of X
with these three properties:
(ME) for A,B ∈ [X ]≤κ, A ⊆ c(A), and c(A) ⊆ c(B),
(C) for A ∈ [X ]≤κ, |c(A)| ≤ 2κ, and
(C-S) if H 6= ∅, |H| ≤ 2κ, c(B) ⊆ H for B ∈ [H ]≤κ and q /∈ H,
then there is A ∈ [H ]≤κ and a function f : A → κ such that H ⊆⋃
a∈A V (x, f(x)) ⊆ X\{q}.
Then |X| ≤ 2κ.
Theorem 2. SupposeX is θn-Urysohn. Then |X| ≤ 2ψ
n
γ (X)t
n
γ (X)θ-aLn(X).
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Proof. Let κ = ψnγ (X)t
n
γ(X)θ-aL
n(X). We will apply Theorem 1 by
verifying the properties (ME), (C), and (C-S). For A ∈ [X ]≤κ, define
c(A) = clnγ (A); it is easy to check that the function “c” satisfies (ME).
By Proposition 10, (C) is satisfied. In preparation to show (C-S), we
first define “V (x, α)”. As ψnγ (X) ≤ κ, for each x ∈ X , there is a
family Bx = {U(x, α) : α < κ} of open sets in X containing x such
that
⋂
α<κ cl
n
γ (cl
n
θ (U(x, α))) = {x}. Let V (x, α) = cl
n
γ (cl
n
θ (U(x, α))).
Suppose ∅ 6= H ⊆ X such that c(B) ⊆ H for B ∈ [H ]≤κ and q /∈ H .
For each p ∈ H , there is f(p) < κ such that q /∈ clnγ (cl
n
θ (U(x, f(p))).
Thus, {U(p, f(p)) : p ∈ H} is an open cover of H . H is n-γ-closed by
Proposition 6 so we can apply Proposition 9. Therefore θ-aLn(H,X) ≤
θ-aLn(X) ≤ κ, and there is a subset A ⊆ H such that |A| ≤ κ and H ⊆⋃
p∈A cl
n
θ (U(x, f(p))) ⊆
⋃
p∈A cl
n
γ (cl
n
θ (U(x, f(p)))) =
⋃
p∈A V (p, f(p)) ⊆
X\{q}. 
Corollary 2. If X is a θn-Urysohn space then |X| ≤ 2θ
n-aL(X)χ(X).
Proof. We have ψnγ (X) ≤ χ(X) and by Proposition 7 we have t
n
γ (X) ≤
χ(X). Applying Theorem 2 we have |X| ≤ 2θ-aL(X)χ(X). 
If n = 1 we have the Bella-Cammaroto inequality [3]:
Corollary 3. If X is a Urysohn space then |X| ≤ 2aL(X)χ(X).
In [12] Schro¨der proved that if X is a Urysohn space then |X| ≤
2Uc(X)χ(X). We can generalize this result, following a similar proof,
in the class of θn-Urysohn spaces.
Definition 10. Let X be a space. A family of open subsets V of X is
called θn-Urysohn cellular if for every V1, V2 ∈ V, cl
n
θ (V1)∩cl
n
θ (V2) = ∅.
Definition 11. The θn-Urysohn cellularity of a space X is
θn-Uc(X) = sup{|V| : V is θn-Urysohn cellular}.
If n = 1, θ1-Urysohn cellularity is the Urysohn cellularity defined in
[12].
Lemma 1. Let X be a space and θn-Uc(X) ≤ κ. Let {Uα}α∈A be a
family of open subsets of X. Then there exists B ⊆ A such that |B| ≤ κ
and
⋃
α∈A Uα ⊆ cl
n
γ (
⋃
β∈B cl
n
θ (Uβ)).
Proof. Let V be the collection of all the open subsets of X contained
in some Uα. By Zorn’s Lemma, there exists a maximal θ
n-Urysohn
cellular family W ⊂ V. For every W ∈ W take Uβ ∈ {Uα : α ∈ A}
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such that W ⊆ Uβ. We may assume β ∈ B ⊆ A and |B| ≤ κ. Assume⋃
α∈A Uα * cl
n
γ (
⋃
β∈B cl
n
θ (Uβ)). Then there exists α0 ∈ A, x ∈ Uα0 and
Ux open neighborhood of x such that cl
n
θ (Ux)∩
⋃
β∈B cl
n
θ (Uβ) = ∅. Then
Ux ∩Uα0 ∈ V and cl
n
θ (Ux ∩Uα0)∩
⋃
W∈W cl
n
θ (W ) = ∅, contradicting the
maximality of W. 
We are now ready to generalize the result by Schro¨der.
Theorem 3. If X is a θn-Urysohn space then |X| ≤ 2θ
n-Uc(X)χ(X).
Proof. Let κ = θn-Uc(X)χ(X). For every x ∈ X let B(x) an open
neighborhood base of x with |B(x)| ≤ κ. Construct an increasing
sequence {Cα}α<κ of subsets of X and a sequence {Vα} of families of
open subsets of X such that:
(1) |Cα| ≤ κ for every α ≤ κ;
(2) Vα =
⋃
{B(c) : c ∈
⋃
τ<αCτ}, α < κ
+;
(3) if {Gβ : β < κ} is a collection of subsets of X and each Gβ is
the union of the n-θ-closures of ≤ κ many elements of Vα and⋃
β<κ cl
n
γ (Gβ) 6= X then Cα \
⋃
β<κ cl
n
γ (Gβ) 6= ∅.
Let C =
⋃
α<κ+ Cα. We want to show that X = C. Assume there
exists y ∈ X \ C. For every Bβ ∈ B(y), β ≤ κ, define Fβ = {Vc : c ∈
C, and clnθ (Vc) ∩ cl
n
θ (Bβ) = ∅}. Since X is θ
n-Urysohn, we have C ⊆⋃
β<κ
⋃
Fβ. By Lemma 1 we can find for every β < κ a subcollection
Gβ ⊆ Fβ, |Gβ| ≤ κ such that Fβ ⊆ cl
n
γ (
⋃
G∈Gβ
clnθ (G)). Note that
y /∈ clnγ (
⋃
G∈Gβ
clnθ (G)) since (
⋃
G∈Gβ
clnθ (G))∩cl
n
θ (Bβ) = ∅. Find α < κ
+
such that
⋃
β<κ Gβ ⊆ Vα. Then y /∈
⋃
β<κ cl
n
γ (
⋃
G∈Gβ
clnθ (G)) but Cα ⊆
C ⊆
⋃
β<κ
⋃
Fβ ⊆
⋃
β<κ cl
n
γ (
⋃
G∈Gβ
clnθ (G)) and this is a contradiction.

If n = 1 we have the Schro¨der inequality [12]:
Corollary 4. If X is a Urysohn space, then |X| ≤ 2Uc(X)χ(X).
4. Cardinality bounds for homogeneous n-θ-Urysohn
spaces
Many cardinality bounds for general spaces have corresponding “com-
panion” cardinality bounds for homogeneous topological spaces. The
latter utilizes homogeneity to give an improved bound. In Theorem 4
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below we give the homogeneous companion bound to Theorem 3. The-
orem 5 generalizes this further to the power homogeneous setting. We
recall the following definitions.
Definition 12. A space X is homogeneous if for all x, y ∈ X there
exists a homeomorphism h : X → X such that h(x) = y. X is power
homogeneous if there exists a cardinal κ such that Xκ is homogeneous.
The following theorem uses the Erdo¨s-Rado Theorem and represents a
variation of Proposition 2.1 in [8].
Theorem 4. IfX is homogeneous and θn-Urysohn then |X| ≤ 2θ
n−Uc(X)piχ(X).
Proof. Let κ = θn-Uc(X)piχ(X). Fix a point p ∈ X and a local pi-
base B at p consisting of non-empty sets such that |B| ≤ κ. For all
x ∈ X let hx : X → X be a homeomorphism such that hx(p) = x. Let
∆ = {(x, x) ∈ [X ]2 : x ∈ X}. Define B : [X ]2 \∆→ B as follows. For
all x 6= y, there exist disjoint open sets U(x, y) and V (x, y) containing
x and y respectively such that clnθ (U(x, y)) ∩ cl
n
θ (V (x, y)) = ∅. For
each x 6= y ∈ X the open set h←x [U ] ∩ h
←
y [V ] contains p. Thus there
exists B(x, y) ∈ B such that B(x, y) ⊆ h←x [U ] ∩ h
←
y [V ]. Observe that
hx[cl
n
θ (B(x, y))] ∩ hy[cl
n
θ (B(x, y))] = ∅ for all (x, y) ∈ [X ]
2 \∆.
By way of contradiction suppose that |X| > 2κ. By the Erdo¨s-Rado
Theorem there exists Y ∈ [X ]κ
+
and B ∈ B such that B = B(x, y)
for all x 6= y ∈ Y . For x 6= y ∈ Y we have hx[cl
n
θ (B)] ∩ hy[cl
n
θ (B)] =
hx[cl
n
θ (B(x, y))]∩hy[cl
n
θ (B(x, y))] = ∅. This shows that C = {hx[cl
n
θ (B)] :
x ∈ Y } is a θn-Urysohn cellular family. But |C| = |Y | = κ+ >
θn-Uc(X), a contradiction. Therefore |X| ≤ 2κ. 
In the power homogeneous case, the proof is the same as the proof of
Theorem 15 in [4], except that closures are replaced with θ-n-closures.
In particular, this is done in the claim in that theorem.
Theorem 5. If X is power homogeneous and θn-Urysohn then |X| ≤
2θ
n-Uc(X)piχ(X).
References
[1] F.A. Basile, M. Bonanzinga, N. Carlson, Variations on known and recent car-
dinality bounds, Top. App., Vol. 240 (2018), 228-237.
[2] F.A. Basile, N. Carlson, On the cardinality of Urysohn spaces and weakly H-
closed spaces, submitted.
[3] A. Bella, F. Cammaroto, On the cardinality of Urysohn spaces, Canad. Math.
Bull. Vol. 31 (2) (1988).
14 FORTUNATA AURORA BASILE, NATHAN CARLSON, AND JACK PORTER
[4] M. Bonanzinga, N. Carlson, M.V. Cuzzupe´, D. Stavrova, More on the cardi-
nality of a topological space, to appear in App. Top.
[5] F. Cammaroto, A. Catalioto, J. Porter, On the cardinality of Urysohn spaces,
Top. App., Vol. 160 (2013), 1862-1869.
[6] F. Cammaroto, A. Catalioto, J. Porter, Cardinal functions Fθ(X) and tθ(X)
for H-closed spaces, Quest. Math. 37, 309-320, (2014).
[7] F. Cammaroto, Lj. Kocˇinac, On θ-tightness, Facta Universitatis (Niˇs), Ser.
Math. Inform. 8 (1993), 77-85.
[8] N. Carlson, G.J. Ridderbos, Partition relations and power homogeneity, Top.
Proc. 32 (2008), 115–124.
[9] D. Dikranjan, E. Giuli, S(n)-θ-closed spaces, Top. App., Vol. 28 (1988), 59-74.
[10] Ryszard Engelking, General Topology, Heldermann Verlag (1989).
[11] R.E. Hodel, Arhangelskiis solution to Alexandroff problem: A survey, Topol.
Appl. 153 21992217 (2006).
[12] J. Schro¨der, Urysohn cellularity and Urysohn spread, Math. Japonica, Vol. 38
(1993), 1129-1133.
[13] S. Shu-Hao, Two new topological cardinal inequality, Am. Math. Soc. 140
(1988), 313-316.
[14] L. Stramaccia, S(n)-spaces and H-sets, Comm. Math. Univ. Carol., Vol. 29 N.
2 (1988), 221-226.
[15] N.V. Velicˇko, H-closed topological spaces, Mat. Sb. 70, 98-112 (1966).
[16] S. Willard, U.N.B. Dissanayake, The almost Lindelo¨f degree, Canad. Math.
Bull. Vol. 27 (4), 452-455 (1984).
University of Messina
E-mail address : basilef@unime.it
California Lutheran University
E-mail address : ncarlson@callutheran.edu
University of Kansas
E-mail address : porter@ku.edu
